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INTRODUCTION 
Let R be a bounded omain in R”, with boundary 30, and suppose that 
ZJ = U(X, t) is a solution fthe initial-boundary valueproblem 
u, = d(tP), in ax IR+, 
u(x, t) = 0, in anmf, 
u(x, 0) = u,(x), in Q. 
Here m > 1 is constant, uO(x) is a given onnegative function, a d
(1) 
If m = 1 the partial differential equation i Problem (I) is just he classical 
equation of heat conduction a d it is well known that under appropriate 
conditions  u,, and 0, u( ., t) + 0 as t -+ +a~ (see, for example, [ 91). More 
precisely, let 0 < & < A, < . . . denote the eigenvalues of the Laplace operator 
on Q with Dirichlet boundary conditions, andlet &(x) denote the eigen- 
function corresponding to the smallest eigenvalue &,. We take 0, to be 
positive and normalize sothat ll$,,llz = 1. Then one can show that 
and 
II u(., t)ll, < K, emAO’ for t> 0, (1) 
IIe%4(-, t) - (&, uo) $,lj, ,<K2e-(A1-*o)’ for t2 0. (2) 
Here (1 .(I2 denotes the L’(R)-norm and (., .) denotes the usual inner product 
on L2(R). The constants K, and K, depend only on u0 and R. 
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The object of this paper is to study the asymptotic behaviour ast + +co 
of nonnegative solutions of Problem (I) with m > 1, and to derive estimates 
which are analogous to(1) and (2). In case m > 1 the equation U,= A(P) is 
often called the porous medium equation since it first arose in the study of 
gas flows in homogeneous porous media [ 171. It also arises ina variety of
other applications; for example, inmodeling the diffusion of an electron-ion 
plasma [151 and in describing thedynamics of biological populations whose 
mobility isdensity dependent [ 131. 
In order to discuss the asymptotic behaviour ofnonnegative solutions of 
Problem (I) we must, of course, besure that such solutions exist. Ingeneral, 
Problems (I) is not solvable inthe classical sense and it is necessary to
introduce a suitable class of weak (or generalized) solutions (cf. [181). This 
is done in Section 3, and in the Appendix we prove that, under the 
assumptions on u0 and 0 given in Section 1, Problem (I) possesses a unique 
solution i the class under consideration. An important by-product ofthe 
existence th ory is a Comparison Principle forweak solutions f Problem (I) 
which is the basic tool in this tudy. 
Our main result isthe estimate 
]](l + t);‘u(., t) -f]] < K(l + t)-’ for t> 0, (3) 
which holds for solutions f Problem (I). Here ]] .]] denotes the L”(Q)-norm; 
y= l/(m - 1); 
K is a positive constant which depends only on m, n, uO, and 0; and the 
functionf(x) is the nontrivial so ution fthe problem 
A(f”‘) + yf=O in R, 
f=O on 80. 
(11) 
The existence and uniqueness off is proved in Section 2. A different proof 
was given by Alikakos inRef. [11. In unpublished work, M. G. Crandall and 
L. C. Evans have also proved the convergence of (1 + t)‘u tof, but have not 
estimated the rate of convergence. As will be shown later, estimate (3) is 
sharp. 
The first ep in proving (3) is to show that here xists a constant r,> 0 
depending only on m, n, uO, and fi such that 
0 < 24(x, t)< (t1 + t)-Yf(x) in fiXIF?+. (4) 
This is done in Section 4 using the Comparison Principle and one of the 
comparison functions introduced in Section 3. A version f estimate (4) is 
given by Evans in Ref. [8] and a more detailed stimate isderived by 
Alikakos in Ref. [I] using a modification of the DeGiorgi-Moser iteration 
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technique. Observe that if f is the solution fProblem (II) then for any 
constant r > 0 the function 
24*(x, t)= (5 + t)-Yf(x) 
is a solution fthe porous medium equation which vanishes onX2 x R ‘. 
That is, u*(x, t) is the solution fProblem (I) with u0 =fr-9 Thus estimate 
(4) is the best possible. 
The next step in proving (3) is to show that even if u,, has compact 
support in Q there xists a finite ime T such that he solution fProblem 
(I), with initial function u,, is positive throughout R for all times t> T. This 
is done in Section 5. In Section 6 we extend this positivity result and prove 
that here are constants F > 0 and r,, > 0 which depend only on m, n, u,, 
and 0 such that 
4x, t) > (5, +t>-yf(X> in dx [T*,+m). (5) 
The proofs of positivity andthe estimate (5) rely on the Comparison Prin- 
ciple and the comparison functions introduced in Section 3. As we show in 
Section 6, (3) is a consequence of(4) and (5). 
In Section 7 we apply our results oderive the analog of estimate (3) for 
solutions of the problem 
u, = d(P) + ,m in LlxlR+, 
u(x, t) = 0 in &IX R+, (III) 
+, 0) = u,(x) in J2 
with p > 0. Problems of this ort arise in the Gurtin-MacCamy theory of 
density dependent diffusion of biological populations [ 131. MacCamy [ 161 
has obtained the basic onvergence result without an estimate ofthe rate of 
convergence in the one-dimensional c se by methods which are quite 
different from ours. 
The equation U,= d(um) also ccurs in recent work in plasma physics for 
values of m E (0, 1). This is the so-called “fast diffusion” case, which is 
characterized by the existence of afinite extinction time; that is, there xists 
a T E IR+ which depends only on the data such that for the solution u of 
Problem (I), u(., t) = 0 in d for all t> T. Assuming the existence and some 
regularity forthe solution fProblem (I), Berryman and Holland [6] have 
recently established thestability of separable solutions in the fast diffusion 
case. 
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1. PRELIMINARIES 
Throughout this paper we shall always use the following assumptions 
about he domain 0 and the initial function u,,: 
(Hl) J2 is a bounded arcwise connected open set with compact losure 
whose boundary, aR, is compact and of class C3. 
(H2) u,(x) is a nonnegative continuous f nction defined ond such 
that u0 = 0 on 30 and U: E C’@). 
We shall refer tothese assumptions collectively as (H). The assumption that 
8R is of class C3is stronger than ecessary. We have adopted itfor the sake 
of the convenience offered by the lemma given below and since it is close 
enough to the condition that 8.Q be of class C*+““’ which is actually used in 
Section 2.We have made no particular effort tofind the weakest possible 
hypothesis. 
In our estimates w  eek constants which depend only on m, n, uO, and Q. 
We shall adopt he convention that such constants arecharacterized as 
“depending o ly on the data.” 
Let d:b- [0, +co) be given by 
d(x)=min{lx-zl:zEafi}, 
that is, d(x) is the distance from xto X!. In terms of d(x) we define the sets 
n,= {xEb:O<d(x)<s) 
and 
z, = .n\Q, = {x En: d(x) > s}. 
In several places inthe sequel weshall use the following properties of d(x). 
LEMMA- 1. Let Q satisfy (Hl). There is a constant u E F?’ such thatfor 
every x E ~2, there is a unique z(x) E3R which satisfies 
d(x) = Ix - z(x)1 . 
Moreover, d(x) E C’(J2,). 
A proof of Lemma 1 can be found in Ref. [22] and we omit it.’ 
Let M,: X, + X? be the mapping given by x + z(x). Itis a simple conse- 
quence of Lemma 1 that M,. is a homeomorphism forall rE [0, a). Note that 
this implies that Z, is arcwise connected foreach rE [0, cr). 
’ There is a minor inaccuracy inRef. [22] in the assertion that u= l/K, where K is the 
bound for the principal curvatures of 8~2. Actually all that one can say is 0 < o Q l/K. 
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2. STEADY STATE SOLUTION: PROBLEM (II) 
In this ection we consider thenonlinear igenvalue problem 
-Au =IJ? in R, 
u=o on 80, 
VI’) 
where 6E (0, 1). Clearly this problem reduces toProblem (II) if we set 
u =f”, A = y, and 6 = lfm. To ensure that he right-hand si e of the 
equation has a meaning we shall consider only nonnegative solutions f 
Problem (II’). 
If n = 1, Problems (II) and (II’) can be solved asily b means of first 
integrals and one finds that for each positive 2 there exists a unique classical 
solution which is strictly positive in R. Here we shall establish the
corresponding result for general n using aresult ofAmann (21. 
Let ti E C’(a) n C(d) be a solution of Problem (II’) for A= 1. We say 
that U is an eigenfunction of Problem (II’) corresponding to L if ii > 0 and 
tif 0 in 0. If C is an eigenfunction of Problem (II’) corresponding to 1, then 
the function 
is an eigenfunction of Problem (II’) corresponding to A. Thus, in particular, 
it suffices to prove the xistence of eigenfunctions for asingle value of I, say, 
A= 1. 
The main result ofthis ection isthe existence anduniqueness of the 
eigenfunction for Problem (II’) corresponding to any value of 1 E R +. 
PROPOSITION 1. Zf ~2 satisfies (Hl) then for each II E R+ Problem (II’) 
has a unique igenfunction u. Moreover, u E C*+“(fi), u(x) > 0 for xE 52, 
and 
l3.l 
z (x) = Vu(x) - v(x) < 0 for x E X2. 
Here v(x) denotes the outward irected unit normal vector to X! at the point 
X. 
We shall prove Proposition 1 in several steps. To begin with, observe that 
if uis an eigenfunction of Problem (II’) corresponding to A E R + then u= 0 
on ZY2, u> 0 in R and u & 0. Moreover, -Au= Aus > 0 in R. Therefore if 
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u E C’(8), itfollows from the Strong Maximum Principle and the Boundary 
Point Lemma 1201 that 
u>O inR and &/a~ -c 0 on af2. (2.1) 
Next we show that Problem (II’) possesses an eigenfunction u E C’+‘(fi) 
corresponding to A = 1. To prove this write g(u) = us. Then g E C”(R ‘) and 
g(0) = 0. Hence, by Theorem 3of [2] it suffices to tablish the xistence of 
a function v E C”‘(fi) such that 
-Av>v’ in 0, 
v>o on an, 
and a function w such that 0< w < v in fl and 
-Aw< ws in Q, 
w=o on ai2. 
To construct thefunction V, let Q’ be a smoothly bounded domain such 
that d c R’ and consider theigenvalue problem 
-AZ = pz in a’, 
z=o on am 
It is well known [20] that he principal eigenvalue pu, ispositive, and that he 
corresponding e genfunction do can be chosen so that 4,, > 0 in J2’ and 
max{q!+,(x): x E 0’)= 1. By the continuity of d,-, 
p E inf{q&(x): x E a}> 0. 
We now set v= k&,, where kE I? + is a constant to be chosen. Then 
-Au - us = ,u, kq$, - ksq$ > ,uu, k/? - ks = ,uoPks(k’-s - l/&J 
in R. Thus 
-Au > v’ in Q 
if 
kc (Jpo)-l/(1-“‘, 
Next we construct thefunction w. For this purpose consider theigenvalue 
problem 
-AZ = pz in Q, 
z=o on an 
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with principal eigenvalue p0 and corresponding e genfunction v/,,. Again 
p,,>O, wO>O in R, and we choose max{y,(x):xEQ}=l. Put w=cI//~, 
where cE R + is a constant to be chosen. Then 
Hence 
-Aw<w’ in fi 
if c<p, ‘/(‘-‘). Finally, because u > kb, we can choose c so small that u> w 
in fi. This completes heproof of existence. 
The eigenfunction whose xistence we have just established is unique in 
the class C’(0) n C’(a). To prove this uppose that here exist two distinct 
eigenfunctions u a du in class C’(Q) n C’(a) corresponding to II= 1. 
Without loss of generality, we may assume that u$ v, that is, the inequality 
u < v holds for at least ome points of0. Define 
r. = sup{r > 0: 524 3 u in 6). 
By continuity, u $ u implies that r0 > 1. On the other hand, for all 
sufficiently larger E IR +we have tu > u in 8. This follows since u satisfies 
(2.1) and v E C’(a). Thus r,, E (1, +co). 
Set 
z(x) = ToId - u(x). 
Then z(x) > 0 in R and z(x) = 0 on X!. Moreover, 
-AZ = (z, - 5;) u’ + (q,u)’ - us > 0 in R, 
since r0 > 1 and both u and u are positive n a. Thus, by the Strong 
Maximum Principle and the Boundary Point Lemma, 
i(x) >0 in Q (2.2) 
and 
Z(x)<0 for xE %2. (2.3) 
Let t, = r,, - l/n for integers n > 1. In view of the definition of rO, there 
exists a point x, E 0 such that nu(xn) - u(x,) < 0 for each n. Since d is 
compact, here exists a subsequence, which we again call (x,}, such that 
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x, E 0 and x,-+x0 E a. If x,, E s2 then z(xJ = 0 in contradiction o (2.2). 
Thus x0 E 8.0. Therefore, if n is sufficiently large we have d(x,) < u and it 
follows from Lemma 1 that there is a unique z, z z(xJ E XJ such that 
d(x,) = 1 x, - z, 1. By the Theorem of the Mean, 
o < _ 7n45J - 4%> 
4x, 1 
= v {tn 24(&J - u(Q) * V(Z,>, 
where j?a is a point on the line joining x,and z,. Now let n+ fco. Since 
z, --+x0 it follows that 
However, this contradicts (2.3) so that he uniqueness of the eigenfunction is 
proved. 
3. TRANSIENT SOLUTION: PROBLEM (I) 
In this ection we discuss some general results concerning solutions of 
Problem (I) and introduce some special solutions of the porous medium 
equation which will be used later on as comparison functions. 
It is well known that because of the degeneracy ofthe porous medium 
equation, 
u, = Ll(zP), 
our initial-boundary valueproblem, Problem (I), may not possess a solution 
in the classical sense [181. Thus it is necessary tointroduce a suitable class 
of weak (or generalized) solutions. Our definition of weak solution isclosely 
related tothe definitions given by Oleinik etal. [ 181 for the case n= 1 and 
by Sabinina (211 for the Cauchy problem with n > 1. 
L_et Q, = f2 x (0, T] and S, = 30 x (0, T] for any TE R+. A function 
U: Q7.+ [O, +co) is said to be a weak solution fProblem (I) in QT if it 
satisfies the following conditions: 
(i) For each (y, t) E S,, 
QT&l(Y,t) u(x, l)= O. 
(ii) V(um) exists inthe sense of distributions in Q, and 
I {u’ + IV(um)12} dx dt < sco. QT 
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(iii) u satisfies 
I { Vd 1 V(um) - d+ 1 dx dt = QT I 4(x, 0) u,,(x) d  R 
for all dE C1(QT) which vanish onS, and R x {T}. 
In the Appendix we prove the following basic results concerning weak 
solutions f Problem (I). 
PROPOSITION 2. Zf (H) holds then Problem (I) possesses a unique weak 
solution in Q, for any T E I?+. 
PROPOSITION 3 (The Comparison Principle). Suppose that R satisfies 
(Hl), and that u0 and u$ both satisfy (H2). Let u and u* denote the weak 
solutions f Problem (I) in Q, with initial functions u,, and u$, respectively. 
Then u,, > u$ in R implies u > u* in Q,. 
Note that in the definition of weak solutions f Problem (I) we do not 
require that uE C(Qr). In the neighbourhood of any point (x, t) E QT such 
that u(x, t)> 0, the weak solutions u i , in fact, a Cm-function. The proof of 
this is the same as the proof of the corresponding factin the one-dimensional 
case given in [4]. For T’ E R+ such that supp u(., t)c R for all t E [0, T’], 
u is the weak solution of the Cauchy problem with initial function u,,and the 
continuity of u in Q,, follows from recent results of Caffarelli and Friedman 
[7]. On the other hand, as we show in Section 5,there exists a T> 0 such 
that u> 0 in n x [T, +a~). Then in view of (i) in the definition of weak 
solution, u iscontinuous in J? x [T, +co). Thus the continuity of u is in 
doubt only in the case in which supp u0 c R and in that case only on the 
interval between the last time for which (supp u(., t)} n afi = 0 and the first 
time for which supp u(., t) =a. In a recent paper [121, Gilding and Peletier 
have been able to adapt he results of Caffarelli and Friedman toprove that 
u E w,>. 
The comparison principle stated inProposition 3 isthe main tool in this 
paper and we shall derive our estimates by comparing the given solution of 
Problem (I) with suitably chosen functions. Below e shall give two families 
of these functions. Bothof them belong to a class of similarity solutions f 
the form 
qx, t) =(t +z)-* g(q) 
with q= Ix] (t +5)-b, where a and p are positive numbers, related by the 
equation 
(m- l)a+2/3= 1, 
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and 7 is an arbitrary positive number. Moreover, the function g satisfies th  
ordinary differential equation 
(g”)” + TfL ( g”>’ +Pw’ + ag = 0, v > 0. (3.1) 
For n = 1, this class of similarity solutions wa studied insome detail by
Gilding and Peletier [ 10, 111. 
A. For the first family ofsimilarity solutions we choose a = n/3. Then 
Eq. (3.1) can be solved xplicitly, yielding 
g(q) = c(n, m>(a’ - vZ)‘; O<r<a, 
in which c(n, m) = [2m(n + 2y)] py with y= l/(m - l), and a is an arbitrary 
positive number. Thus we obtain the two-parameter family ofweak solutions 
of the Cauchy problem 
u(x, t; a, 7) = c(t + 7)-u ([a’ - 1x(* (t + 7)-24]+ }‘; 
where [d]+=max(O,#) and a=@=n((m--l)n+2)-‘. This family of 
solutions hadbeen obtained earlier by Barenblatt [5]and Pattle [19]. 
B. For the second family of comparison functions we consider the 
initial v ue problem 
(g”)” +TfL ( g”)’ +Pw’ + a&T =0, rl >0, 
(IV 
g(0) =c, g’ (0) =0, 
where cis an arbitrary positive number. Problem (IV) is degenerate at v= 0 
if m > 1. However, itcan be shown by means of an argument based on the 
contraction mapping theorem that there xists a unique solution 
g E C’([O, qO]) for some small rjO. Moreover, this olution ca be continued 
as long as it is positive. If wemultiply the equation by y”-’ and integrate 
from 0to q we obtain 
(g”‘)’ (v)= -F,” r”- ‘s(C) 4 -&x(v) G -Pm(rt) (3.2) 
0 
provided that a > nb. This implies that 
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and hence 
a = sup{q > 0: g > 0 on [0, q)} < co. 
Moreover, itfollows from (3.2) that 
K~(gm)‘(a)=-~IRjn-lg(ndL 
0 
(3.3) 
In particular, if we set a= 2@, then g” is a decreasing function a d hence, 
in view of (3.3) --@a < fc < 0. 
Let us denote the solution of Problem (IV) by g(q; c) and the 
corresponding values of a and K by a(c) and K(C). Then it can readily be
verified that 
g(q; c) = cg(c-cm- ‘)‘%#7; 1) 
and 
a(c) = ~(~-‘~‘*u( l), K(C) = P + ‘%( 1). (3.4) 
Then the second two-parameter family of comparison functions will be 
u(x, t; c, t) = (t + z)-“[g(rl; c ]+ 3
where it should be recalled that 
and a=2np=n((m-l)n+ l}-‘. 
Observe that while the functions u(., e; a, t) are weak solutions of the 
Cauchy problem for the porous medium equation, the functions v(., .; c, t) 
are not. The reason is that he functions u do not have the right behaviour at
the interface, that is, at the boundary of their support. Specifically, the 
analogue of our condition (iii) nthe standard definition of weak solution f
the Cauchy problem would require that (g”)’ (a; c) = 0 and, as we have 
seen, this does not occur. However, in the expanding domain Ix] <
a(c>(f + T)‘, v is, of course, a classical solution fthe porous medium 
equation with zero data on the lateral boundary ]x] = (c)(t + 5)‘. It is 
precisely these properties which makes the family v(., .; c, 7) useful. 
The families of functions u and u defined above will both be used as lower 
bounds for the given solution fProblem I. The function u gives the 
dispersal of gas due to a point source at x = 0 and f = --t [5, 191. It will be 
used to show that, after a finite ime, the gas tills the entire volume a. Then, 
when the gas has reached the boundary, and the density iskept at zero there, 
we shall employ the function v to show that he normal derivative of urn 
becomes negative atthe boundary. 
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4. AN UPPER BOUND 
We are now ready to prove the first estimate given in the Introduction. Let 
f=f(x) denote he nontrivial solution of Problem (II). ByProposition 1, this 
solution exists, andit is unique. Let Q denote he cylinder 
((x, t): x E n, t > 0). 
THEOREM 1. Suppose R and u,, satisfy h pothesis (H), and let u be the 
corresponding solution fProblem (I). Then there xists a constant z,> 0, 
which only depends on the data, such that 
u(x, t) < (5, + t)pYf(x) in Q. 
Proof: Consider ascomparison function the solution v of the porous 
medium equation given by 
v(x, t) = (7 + t)-yf(x), 
with 7 a positive constant. Suppose there exists a constant 7, >0 such that 
7,Y(x> > u,(x) in 6. (4-l) 
If 7 = 7,) then v(x, 0) > u,,(x) in d and hence, bythe Comparison Principle, 
the result follows. 
To prove that (4.1) holds we suppose tothe contrary that here exists a 
sequence {x”} cd such that 
0 G&J < (l/n> u&J 
or, equivalently, 
0 Gf”(x,> < (l/n”> GYx,>. (4.2) 
By the compactness of fi, we may assume that {x,} converges to XE 3i as 
n -+ co. Moreover the boundedness of u0 and the positivity off imply that 
X E 30. If we now divide both sides of (4.2) by d(x,) we find, bythe 
argument used at the nd of the proof of Proposition 1, that 
g {f(f)}” = 0. 
Since this contradicts Proposition 1, weconclude that (4.1) holds for some 
r1 E R+ so that he theorem isproved. 
390 ARONSON AND PELETIER 
5. POSITIVITY OF U 
In order to complete he program outlined in the Introduction we shall 
need a lower bound for the weak solution u of Problem (I). The required 
bound will be derived inSection 6,but first wemust show that here is a 
TE [0, +co) such that ~(a, t) >0 in R for all t> T. If u0 > 0 in Q then, by 
the Comparison Principle, u(.t) > 0 in L? for all t> 0. In that case we can 
take T= 0 and proceed directly o Section 6.In the present section we shall 
be mainly concerned with the case in which the support ofU, is a proper 
subset ofR and we shall show that, nevertheless, u i  eventually positive 
throughout R. 
PROPOSITION 4. Assume hat L? and u0 satisfy (H) and let u denote the 
weak solution fProblem (I). Ifu, f 0 in S2 then there xists a T E [0, +a~), 
which depends only on the data, such that 
u(x, t) >0 in R x [T, +oo). 
The set valued function supp u(., t)is nondecreasing in t. The proof of this 
assertion is the same as the proof for the case n= 1 given by Kalashnikov in 
Ref. [141. Thus, to prove Proposition 4 it suffices to toshow the xistence of 
a TE [0, +co) such that u(., 7) > 0 in R. In Ref. [141 Kalashnikov also 
proves the one-dimensional version fProposition 4. 
The main tool in the proof of the proposition is the following technical 
lemma in which we estimate howlong it akes to transmit positivity froma 
ball B,(x,) c R to a neighbouring ballB,(x*). Inthis lemma we shall use 
the similarity solutions of Type (A) introduced in Section 3,that is, solutions 
of the porous medium equation of the form 
u(x -y, t; a, 5) = c(t + T)-~ ( [a’ - rf2] + }‘, 
where 
q=(x-yl(t+z)-” 
for arbitrary y E II?“. Here c, a, /I, and y are constants depending only on m 
and n, while a and r are positive parameters. Moreover, 
supp u(x -y, 0; a, t) = (x E R”: (x - y( < ass}. 
LEMMA 2. Suppose that 
U(X, 8) 2 24(x -Y, 0; a, r) (5.1) 
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for some y E 52 and some 8 E [0, +co), where p s ati < d(y)/2. Then for 
any a* E (0, a/2] and x* such that Ix* -y I= a*@, 
u(x, t* + e) > u(x -x*, 0; a - a*, 5*), 
where 
l/5 
t and t* = t* - r. 
In particular, 
Prooj To simplify notation we set 
U(x, t) = u(x - x*, t; a- a*, 5). 
Observe that 
supp 27(x, 0)= {x E R”: Ix -x* ( < (a - a*) r4}. 
Thus, if xE supp ri(x, 0) then 
lx-Yl~Ix--*I+I x* --yJ ( (a - a*) t5 + a*@ = u@ 9 
that is, 
supp zi(x, 0) cB,(y) cR. (5.3) 
Moreover, we claim that 
qx, 0) < u(x --y, 0; a, 5) in Q. (5.4) 
In view of (5.3) itsuffices to verify (5.4) onsupp zi(x, 0). On that set, (5.4) is
equivalent to 
)x-y)z-~x-x*~2~ {a’-(a-a*)*}rZ”. (5.5) 
In view of (5.1) (5.3), and (5.4) wecan apply the Comparison Principle and 
conclude that 
qx, t) < u(x, e+ t) 
as long as supp z7(., t) ca. In view of the definitions of t* and r*, 
(a - a*)(t* + r)’ =ut4 =p so that supp ti(., t*)= B,(x*). On the other 
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hand, g,,(x*) cB&). Hence 2p < d(y) implies that supp zZ(., t*) cJ2 and 
we conclude that 
ti(., t*) Q u(-, 0 + t*) in 0. 
Finally wenote that + t = t - t* + r* implies 
U(X-x*,t;a-aa*,r)=u(x-x*,t-t*;a-u*,T*) 
so that, inparticular, 
zqx, t*) = u(x -x*, 0; a - a*, 5*). 
Proof of Proposition 4. If u0 > 0 in R there is nothing to prove. 
Therefore assume that u0 f 0 and has compact support ina. Hence, there 
exists a point x0 E Q such that ,u = u,(x,) > 0. Fix s, E (0, a). In view of the 
continuity of u,, there exists a 6 such that 0< 6 < d(x,) and u,, >pu/2 in 
B&x,). Set s = min(b, s ). Then 0 < s Q s, < u, s < d(x,) and u,, >,uu/2 in
B&x,). The domain Zc, = {x E Q: d(x) > s} is compact and 
By the Heine-Borel-Lebesgue theorem, a finite number, N, of points 
x,, x, ,..., x, can be found in C, such that 
Z,c c BjcQ, 
j=l 
where 
Bj ~ BslZ(Xj) (j = 1, 2,...) N).
Clearly, we can add the ball B, = B,,(x,) to the finite covering set without 
altering a yproperties of that set. We claim that here exists a T’ E Rt 
depending only on m, n, u,, and R such that 
u(x, T’) > 0 forxE9- 6 Bj. 
j=O 
(5.6) 
Fix k E (1, 2,..., N}. Since Z, is connected (cf. Section 1)there exists a 
polygonal p th yk from x0 to xk, where the segments ofyk join the centers of 
various balls Bj. Observe that yk has at most N segments and that each 
segment has length atmost s. Moreover, z E yk implies that B,,(z) c R. To 
prove (5.6) weshall use Lemma 2 to transmit thepositivity fromB, to B, by 
means of a finite sequence ofballs ofradius s/2 with centers on yk. To start 
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this process wemust first how that a and 7 can be chosen in such away 
that Lemma 2 can be applied tou in B, . 
Recall that u,, > ,u/2 > 0 in B, = B,,(x,). Thus 
uo(x) > u(x -x0,0; a, 7) (5.7) 
if we choose 
supp U(X -x0, 0; a, 7) = {x E R”: Ix - x0( < a74) =&(x0) 
and 
max u(x - x0, 0; a, 7) = u(0, 0; a, 7) = C7-“uzy = p/2. 
That is, (5.7) holds if 
and 
1/(2$+a) 
. (5.8) 
The exact values of u and 7 are not important; what matters i that hey 
depend only on m, n, s, and ,u. 
We can now use Lemma 2 inductively to transmit thepositivity of u.in 
B, along the successive segments ofyk to B,. Specifically, we conclude that 
there exist positive numbers uk, Tk, and rk such that u,tf = s/2 and 
u(x, Tk) > u(x -xk, 0; uk, 7k)a 
The numbers uk, T,, and rk can be expressed in terms of a and 7 as given in 
(5.8) and so depend only on m, n, s, and ,u. Let jZ denote a generic segment 
in yk. Since 1 jZ[ (s no more than four applications of Lemma 2 are required 
to transmit positivity fromB,,(y) toB&z). Thus at most 4N applications 
of Lemma 2 are required to reach B, from B, and it follows from (5.2) that 
Tk< (2 4N/o - 1) 7. 
Therefore (5.6) holds if we take T = (24NlB - 1) 7. Since s, u, and N depend 
on u. and R, we conclude that T’ depends only on m, n, uo, and R. 
To complete he proof of the proposition we must show that ueventually 
becomes positive n Q\A?‘. Fix s2 E (sr ,a). Since the mapping M, defined in 
Section 1 is a homeomorphism forE [0, a), it is easily verified that 
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where fi, denotes the interior of Qs2. Thus it suffices to how the existence 
of a 7”’ E R + which depends only on m, n, r.+, , and Q such that 
u(*, 7” + T”) > 0 in &(Y) 
for every E aE,z. Once this has been done, Proposition 4 holds with T = 
T + 7”‘. 
Z, is a compact subset of 9 and u(., T’) > 0 on 9. Therefore u(., T’) is 
continuous onA? and uniformly continuous onZs. Let 
VE min{u(y, T’):y E Zsz}. 
Since aCsz c f’,, we have v > 0. Moreover, there exists a pdepending only on 
v and s such that B,(y) c Z, and 
u(x, T’) > u(y, T’) - v/2 > v/2 
for all xE B,(y). 
Fix y E 3X,*. Then 
provided that ur’ = p and CZ-~U*~ = v/2. By the Comparison Principle 
u(x,7Y+t)>u(x-y,t;u,t) 
for all tsuch that supp u(x -y, t; a, r) c Q, that is, for all t< T”, where T” 
is defined by
supp U(X - y, T”; u, r) = &( y). 
By a straightforward computation, (5.9) implies that 
(5.9) 
Finally observe that T” depends on m, n, s2, p, and v, and therefore 
ultimately only on the data. 
6. THE ASYMPTOTIC FORM OF u 
In this ection we shall derive a lower bound for the weak solution u of 
Problem (I). This bound, together with the upper bound obtained inSection 
4, will enable us to determine the asymptotic form u. However, to begin with, 
we shall need a rather technical result. 
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Let e: 8-1 IR be defined by
-de= 1 in R, 
e=O on aQ. 
Since 52 satisfies (Hl), eE C2+u(@. By the Maximum Principle and the 
Boundary Point Lemma for elliptic equations, e > 0 in Q and de/& < 0 on 
80 [20]. In terms of e, we define the cone 
K=(#EC’(a):d>keindforsomeconstantkElR+}. 
It is well known that if denotes the solution fProblem (II) then fm E K 
[3]. Since we expect (1 + t)ru to behave asymptotically like f, it is 
reasonable to expect hat um(., t) E K for all sufficiently large t. To prove 
this we will need the similarity solutions f Type (B) introduced in Section 3.
Recall that hese are solutions f the porous medium equation fthe form 
v(x -y, t; c, 5) = (t +t>-” [g(rl; c)] +, 
where 
v = Ix -yl (t +t>p 
and g(q; c) is a decreasing function fv, with g(0; c) = c, g’(0, c) = 0 and 
supp g(rjY c)= {q: 0< ?j < a}. 
Here a = a(c) = c (m-1M2a(l), anda and /3 are constants which depend only 
on m and n. 
PROPOSITION 5. Assume that R and u,, satisfy (H), and let u denote the 
solution ofProblem (I). There xists a r* E [0, +a~) which depends only on 
the data such that um(., r*) E K. 
Proof: By Proposition 4, there exists a T E [0, +co) such that u( ., 7’) > 0 
in R. Without loss of generality we can assume that T= 0. Otherwise w
simply write u(., t) = u(., T+ t’) = u’(., t’), prove the existence ofT’ such 
that u”(., T’) E K, and set T* = T+ T’. 
Fix s E (0, a), yE Z,, and set 
p 5 min{u,(x):  E Zs,,}, 
In view of our assumption that T= 0 it is clear that p > 0. Let 
5(x, t) = u(x - y, t; c, t), 
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where the parameters c and r are chosen such that supp U(x, 0) = B,,(y) and 
5(x, 0) < U(y, 0) =,u. After some calculation (with reference to the formulae 
given in Section 3) one finds that 
I 
s 
I 
2 
C=pZa and ‘= 2a(l)pu’m-l)/2 ’ 
As in Section 5,the exact values of c and 7 are unimportant; what matters i
that hey depend only on the data and, in particular, are independent of y. 
The support of 17(x, t)expands as t increases and first contacts XI when 
Observe that p depends on the data, but not on y. 
We claim that 
24*(X, t)> Pyx, t) in C* ED X [0, r*]. (6-l) 
Let A = {supp a} f7 C*. Then (6.1) holds on the closure ofC*\p since on 
that set urn > 0 = ~7”. For each integer p > 1 let 
A,, = {(x, t) E A: P(x, t) > l/p}. 
Note that A, # 0 for all sufficiently large p. As is shown in the Appendix, u 
is the limit of a decreasing sequence {u,} of C’,‘(C*) functions with 
UT > I/p. Thus up” > ~7” on APP. Moreover, inview of our choice of c and 7, 
u,“(x, 0)> uyx, 0) > p” > V”(x, 0). 
Since both u,” and 17”’ are positive and belong to the class Czq’(Ap) itfollows 
from the standard Maximum Principle for parabolic equations that u,” > fim 
in A, and, therefore, in all of A. Assertion (6.1) is obtained by letting 
p+ +a. 
Since yE aZ, and s E (0, a), there xists a unique z(y) E 8Q such that 
s = d(y) = 1 y - z( y)( .Let v denote the inward-pointing unitnormal to 80 at 
z(y) and define x:[0, s] + R” by 
x(C) = y - rv. 
Then x(0) = y, x(s) = z(y), and 
(do x)(C) = Ix(cJ - 4Yl = s - c. 
POROUS MEDIUM EQUATION 391 
By the Theorem of the Mean 
= (P + 7)ym I 
c-s 
g”(s(~ + P; c) + (r* + 7)0 (g”)’ (w- + 7)-e c) 
I 
= (p + 7)-(am+5) 
Ix(C) - Z(Y)1 C-g”)’ (QT* + 7)-“; c> (6.2) 
for some 8 = B(c) E ([, s). Recall that (g”)’ (a; c) = rc < 0. In view of the 
continuity of (g”)‘, there xists ans, E (0, s) such that 
(g”)’ (<(r* + r)-4; c) < K/2 < 0 
Thus it follows from (6.1) and (6.2) that 
for all CE [s,, s]. 
dyx(() 3 T*) >m (P + 7)-(am+5) (d 0 x)(C) 
'2 
(6.3) 
= w(d 0 x)(C) for CE Iso, ~1, 
where w E I?’ is a constant which depends on the data, but not on y or 4. 
Observe that (6.3) holds for arbitrary y E Z, and for all x on the inward- 
directed normal through y(x) provided that d(x) < s - so. As we remarked in 
Section 1, the normal map M, is a homeomorphism for E [0, a). Therefore, 
it follows from (6.3) that 
dyx, P) > w d(x) for xE J2-s0. (6.4) 
To complete he proof, suppose for contradiction hata”‘(~, r*) & K. Then 
for each integer p > 1 there xists a point xP E R such that 
0 < Um(xp, r*) < (UP) 4-Q. (6.5) 
Without loss of generality we can assume that xP -+ x* E fi as p -+ +co. If 
x* E B then (6.5) implies that zP(x*, r*) = 0, which contradicts the
positivity of zP(., r*) in R. On the other hand, if x* E a.f2 then (6.5) implies 
that 
lim Urn&, T*) = o 
P’tm 4x,) * 
However, it follows from (6.4) that 
lim inf 
UYXpv 7-9 > w > o 
P-m 4x,) ’ 
398 ARONSON AND PELETIER 
so that we again have a contradiction. We therefore conclude that here is a 
constant k E Rf such that u”‘(., r*) > /cc(a) inR. Note that k depends only 
on the data. 
We are now in position tostate and prove the main results ofthis ection. 
The first ofthese is a lower bound for U. 
THEOREM 2. Assume that Q and u0 satisfy (H). If u denotes the solution 
of Problem (I) then there exist constants F E [0, +a) and t,, E R ’ which 
depend only on the data such that 
u(x, t) > (t, + t>-Yf(X) in 4X [rC,+a2). (6.6) 
Proof. By Proposition 4, there exist constants r” E [0, +co) and 
k, E Rt which depend only on the data such that um(., r*) 2 k,e(.) in b. 
On the other hand, f is bounded. Thus there xists a constant k,E Rt such 
that 
-A(k,f “) = k, yf < 1 = -de in Q. 
Then since kf m = e = 0 on X2, it follows from the Maximum Principle for 
elliptic equations that k, f m < e in a. Therefore 
u(., r*) > (k, k$‘“‘f (a) in 32. 
If we now define r0 by the relation (so + T*)-?= (k, k,)l’m then (6.6) follows 
from the Comparison Principle. 
Finally, we combine Theorems 1 and 2 to obtain the asymptotic form 
of 24. 
THEOREM 3. Assume that R and u, satisfy (H), and let u denote the 
solution of Problem (I). There xists a constant 59 E R + which depends only 
on the data such that 
I(1 +t)‘u(x,t)--f(x)l~~f(X)(l + t>-’ in bx [0, +a). (6.7) 
Proof: Define the function #:[O, +co) X Rf -+ R by 
1+t ‘i $qt, r) = 1 - - , ( ) r+t 
Then, by Theorems 1and 2 
- IN, df (xl G (1 + t)YU(X9 t) -f (xl 
G I et, t,)lf (x> in fin>( [rC,+co). 
(6.8) 
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By the Theorem of the Mean, 
qqt,r)=y(r- 1) (g)i+Y(l +t)-’ 
for some t’ between 1and 7. Thus 
IN, 7)l < c(7)(1 + t>-‘3 
where 
c(r)=ylr- ljmax{l,7r~Y}. 
Set F’ = max{c(r,), c(rl)}. Then (6.8) implies that 
I(1 + t);‘u(x, t) -f(x)1 < @“f(x)(l + t))’ in d X IT*, +co). 
According toTheorem 1, 
l(l+t)~24(x,t)--f(x)l< Il+($)‘!f(x)inaXIT?+. 
Therefore, in particular, 
I( 1+ t);‘u(x, t) -f(x)1 < @‘y-(x)( 1 + t>-’ in fix [0, r*], 
where 
SF” = 1 + r; + r;“(l + ,),+I. 
Thus (6.7) holds with $F = max(@‘, g”). 
By considering theparticular solution 
u(x, t) =/(x)(7 + t)- ‘/ 
of Problem (I) for arbitrary t E F? ‘, it is easy to see that he estimate (6.7) is 
sharp. Indeed this remark follows from the estimate for ]#(t, 7)lin the proof 
of Theorem 3. 
7. AN APPLICATION 
In Ref. [ 131, Gurtin and MacCamy propose and analyse a model for the 
spatial spread of biological populations which leads to an equation fthe 
form 
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where p denotes the population density and a@) denotes the net growth rate 
of the population, that is, a@) is the difference between the birth and death 
rates. For most of their analysis Gut-tin and MacCamy take &I) =pm for 
m E [2, +co) and the Malthusian growth law a@) =,up, where ,D E R. 
If we consider a population living in a bounded habitat fl c II? + with the 
exterior of 0 completely hostile, we are led to the problem 
p, = A@“‘) + pp in axlR+, 
p=o in a.QXR+, (V) 
P'PO in bx {O}. 
In the birth dominant case, that is, when ,U E R ‘, Problem (V) can be 
transformed to Problem (I) by the change of dependent and independent 
variables [ 131 
p(x, t) = e%(x, t) and r=?(e (u/tit _ 1). (7.1) 
iu 
We shall regard p(x, t) as the weak solution of Problem (V) if and only if 
U(x, r) = u(x, t(r)) is the weak solution of Problem (I) with initial function 
U(x, 0) = pa(x). By a straightforward but tedious translation of estimate (6.7) 
we obtain the following result on the asymptotic form of the solution of 
Problem (V). In stating the result we shall usef(.;p) to denote the nontrivial 
solution of Problem (II) with y replaced by ,D. As we observed in Section 2, 
f(* ; Pu> = WY)‘/f(X)* 
THEOREM 4. Assume that f2 and p. satisfy (H) and let p denote the 
solution of Problem (V) for some ,a E IR’. Then there exists a constant g* 
which depends only on m, n, ,a, po, and D such that 
Ip(x, t) -.f(x; P)I < g*f(x; ,a) e-cuitir in bx [0, +co). 
In the one-dimensional case, MacCamy [ 161 has proved the convergence 
of p to f(.;,~), by means of an argument based on a Liapunov function. 
However, he does not get an estimate for the rate of convergence. 
In the death dominant case, p < 0, we can show by means of a slight 
extension of the Comparison Principle that 0 <p < u in d x [0, +co), where 
p denotes the solution of Problem (V) and u denotes the solution of Problem 
(I) with u. = po. Thus, according to Theorem 1, 
so that 
0 < P(X> t) <s(x)(~l + t)- y in fix [0, +a~) 
,y+ma p(., t) = 0 
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uniformly in6. However, in this case we cannot use Theorem 3to derive the 
asymptotic form of p as we did in proving Theorem 4. The difficulty stems 
from the observation that if iu < 0 then 
I(+&(1 -e”Y~‘;“)+*< +cx, as tf+oo. 
Thus if we use (7.1) to transform Problem (V) the resulting problem is not 
Problem (I) but rather the problem 
UT = A(V) in 
u=o 
U=Po in 4X {O}. 
It is still possible toobtain a sharp asymptotic result provided we assume 
that he solution U of Problem (VI) has a uniform modulus of continuity w, 
with respect to r in d x [O, Y/],L]] (in this connection, see the remarks 
following Proposition 3 in Section 3). Under this assumption, if r< y/],u] 
then 
Since, U(., r) = elp”p(., t)it follows that 
1 e”“p(., t)- U (e,&) 1 <co (~e-(y”y’)‘), in a. (7.2) 
Observe that (7.2) implies that in the death dominant case, the asymptotic 
form of p depends on the initial function pO. To see that his is reasonable 
one need only contrast the case in which suppp, is so small that 
supp U(., y/lpi) c a with the case in which supp 0 = Q. Theorem 4 shows 
that he asymptotic form of p is independent of p,, in the birth dominant case. 
APPENDIX 
In this Appendix we shall prove Propositions 2 and 3 of Section 3;that is, 
we shall establish the existence and uniqueness ofthe weak solution f
Problem (I), and derive the Comparison Principle. Forthis purpose it is 
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convenient to follow the procedure s d in Ref. [181 and transform P oblem 
(I) by setting u” = U. Thus, formally, Problem (I) can be written as 
u,=a(v)Av in Q,, 
v=o on S,, 0’) 
v = v. in Q X {O), 
where v0 = u; and 
a(v) = mv(m-l)lm. 
The following Comparison Lemma will be used repeatedly in the proofs of
Propositions 2 a d3. Let Z c iR” be a bounded connected domain. We shall 
use the notation C, = C x (0, T] and 
for arbitrary T E iR +. The set Tr is often called the parabolic boundary of
the cylinder Cr.
COMPARISON LEMMA. Suppose that w and v are C’*‘(C,) functions such 
that w and v are continuous and positive in CT, 
w, - a(w) Aw > v, - a(v) Au in C, 
and either Au< k or Aw < k in C, for some constant k E R. If 
w>v on rT 
then 
w>v in C,. 
Proof: Set z E w - v and suppose that Aw Q k. Then z > 0 in Jr and, by 
the Theorem of the Mean, 
z, - A(x, t) AZ - B(x, t) z> 0, 
‘4 (x, t) = a(v(x, t>> 
and 
B(x, t) = Aw(x, t) a’@?w(x, t)+ (1 - 0) v(x, t)) 
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for some 19 = f?(x, t) E (0, 1). Let 
u s min(m$ w, mm v). 
i- T 
By hypothesis, CJ >0. Thus A(x, t) 2 a(a) >0 and 
so that B(x, t) is bounded above in Cr. The assertion now follows from the 
standard maximum principle for parabolic inequalities [20].
To prove Proposition 2 a d 3 we shall construct theweak solution of 
Problem (I) as the limit of a sequence offunctions which are, in turn, 
obtained bysolving Problem (I’) for a sequence ofstrictly positive data 
functions. The properties of this equence offunctions aredescribed in the 
following lemma. 
LEMMA A. Let R and u0 satisfy (H) and set v0 = ur. There exists a 
sequence {u,,,(x):p = 1,2,...} of Cm(R*) functions with the following 
properties: 
(i) l/p~u,,(x)~M~max{u,(x):xE~}+ 1 
(ii) uoD(x) 1 uO(x) as p+ fm 
(iii) vop = l/p and Av, = 0 in a neighbourhood f X). 
COROLLARY. Let u,, and u$ satisfy (H2). Zf u,, > u,* in fi then the 
corresponding sequence {u,,~} and Iv,*} can be chosen so that vop > v& in I?” 
for alIp> 1. 
We defer the rather technical proof of this lemma and its corollary until 
the end of this Appendix and proceed directly to the proofs of the 
propositions. 
Proof of Proposition 2. For each integer p 2 1 consider theproblem 
ut = a(v) Au in Qr, 
v = l/p on S,, (1;) 
v = u()* on R X {0}, 
where {vop} isthe sequence whose xistence is assured byLemma A. Since 
uop is strictly positive we can apply the standard theory of quasilinear 
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parabolic equations [9] to conclude that for each integer p > 1 Problem (I;) 
possesses a unique solution v,,E C’,‘(Q,). Moreover, the sequence {v,} has 
the following properties: 
1lP Q v* ,< A4 in Q,for allp> 1, (A-1) 
v*2vp+1 in Q,forallp> 1, (A-2) 
II Vv,(*, Oil Lqa) <JlW2 for all t E [0, T] and 
for allp > 1, where J= n”‘L. 
(A.3) 
Properties (A.l) and (A.2) follow from the Comparison Lemma and 
Lemma A. To prove (A.3) we multiply both sides ofthe quation 
vpt =a(v,> Au, 
by {a(v,)}-’ vpt and integrate ov r the cylinder R X (0, t) for tE (0, T]. 
Since vpt = 0 on S,, we obtain 
O< 
JJ 
t (upL)zdx&=- t 
R a&J JJ 
vu 
R 
p .$ib,dxdr 
w, * vv,)(x, t)dx + + j- (Vv, . vv,)(x, 0)dx 
R 
and (A.3) follows immediately from (iv) of Lemma A. 
The sequence ofpositive functions {v,} is decreasing  8,. We may 
therefore define a function v: 8, + [0, M] by 
v(x, t) = plima v,(x, t)
and a function U: Q, + [0, M1’m] by 
u(x, t) = {v(x, t)}“? 
We shall show that his function u is a weak solution of Problem (I). 
By (A.3), the sequence {Vu,} is bounded in {L’(Q,)}“. Hence there exists 
a subsequence, which we again denote by {Vu,}, converging weakly to an 
element \yE {L’(Q=))“. For 4 E Cr(Q,) 
I, qNv,dx dt = - 1 v,V@ dx dt. 
QT 
Thus if we let p-’ co and use the Dominated Convergence Th orem we 
obtain 
j 
Qr 
&dxdt=--j vV#dxdt, 
Q, 
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that is, y= Vu in the sense of distributions. It s now an easy matter toshow 
that he function u = v”“’ satisfies conditions (ii) and (iii) of the definition of 
a weak solution of Problem (I). 
It remains tobe shown that utends to zero n the lateral boundary ofQT. 
We shall dothis by constructing a barrier function f r Problem (I’). Let ki, 
for i= l,..., n - 1, denote he principal curvatures of aaand set 
K = zr; max{]ki(x)]: i= l,..., n - I}. 
Fix s E R + and set 
@=max 
I 
M L -@SK . 
1 - e-nsK’ ,,K I 
Then it is easily verified that he function h: [0, S] -+ [O,g] given by 
h(x) =sq 1 - e-ny 
is such that 
h(0) = 0, h(s) > M, (A-4) 
and 
h’(x) > L forxE [O,s]. (A4 
According to Lemma 1, there isa constant u E IF? + such that d(x) E C’(J2,), 
where d(x) denotes the distance from xto 30 and 
R,= {xE6:O<d(x)<s) 
for any s E R+. Moreover, for each xE R, there exists a unique z(x) E3R 
such that d(x) = ]x - z(x)] . Fix s E (0, o). Then h o d E C’(a,) so that 
d(h o d) is well defined in fiS. Serrin [22] has shown that 
W 0 d)(x) = (h” od)(x) - (z; 1 _ ;;d(x)) @’o d)(x) 
1 
< (h” o d)(x) + Kn(h’ 0 d)(x) 
for x E a$, where the boundary curvatures k, are evaluated at y(x). 
Therefore 
d(h 0 d)(x) < 0 forxESZ,. 64.6) 
505/39,w7 
406 ARONSON AND PELETIER 
For each integer p > 1 define 
w,(x) = l/P + (h o 4(x) forxEas. 
Let QT = {x E 0: 0 < d(x) <s} X (0, T]. In view of (A.6), 
wpl - a(~,) Aw, 2 0 = v,, - a(~,) Au, 
with wp and up positive on @r and Aw, < 0 in Q”,. Moreover, it follows from 
(A.l) and (A.4) that 
and 
w,(x) > VP = v,(x, 0 for (x, t) E S, 
w,(x) > l/P + M > up(x, t> for (x, t) E (x: d(x) = s} X [0, T]. 
Finally, b  (iv) of Lemma A, (A.5), and the Theorem of the Mean 
w,(x) 2 l/P + L 4x)>/ l/P + ~&9 > 4&). 
Therefore, by the Comparison Lemma, wp > v, in @, for each p > 1. In the 
limit asp -+ +a~ we obtain 
(h 0 d)(x) > v(x, t) > 0 in @. 
Since (h o d)(x) + 0 as x approaches aB it follows that u(x, t) + 0 as 
t-x, r>--) (x0, to> for any (x0, to> E ST. 
The proof that he weak solution of Problem (I) is unique is essentially the 
same as the corresponding proof in the case it = 1 given by Oleinik etal. in 
Ref. [181. We shall therefore omit it. 
Proof of Proposition 3. As in the proof of Proposition 2, we approximate 
the initial andboundary values bysmooth positive functions a dconsider 
the corresponding smooth positive solutions u, and uf of the initial 
boundary value problem. That is, u, = vz”, where 3 is the solution of 
Problem (IL) and similarly foruf. Since U, > u$ in a, it follows from the 
Corollary to Lemma A that we can arrange things sothat for each p> 1, 
u, > z$ on the parabolic boundary ofQT. Hence, by the standard maximum 
principle, II,> up* in Q,. As was shown in the proof of Proposition 2, u, and 
uz tend, respectively, to the unique weak solutions u and u* of Problem (I) 
with intitial functions u, and u$. Therefore u > u* in Qr. 
Proof of Lemma A. We extend the domain of v,, to all of IR” by setting 
v,,(x) E 0 in IR”\fi. Then v0 E C(lR”) but v,, & Cl@?“). However, inview of 
(H2), v0 E C’(d) so that 
L=m@Vv,]<+co. 
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Choose the nonnegative integer p. so large that 
1 
UP, + 1) < a 
and set q= q(p) =p,, +p. Here uis the constant whose xistence is asserted 
in Lemma 1. Let k,(x) denote a C”(lR”) function such that k, > 0, supp k, = 
B,(O), and 
I k,(x) dx = 1. w 
Define the sequence {vo,(x):p = 1,2,...} of functions  R” by 
where 
Cop(x) = max v,(x), L + -!- 
I I 2P 2P 
and 
J(p)= l 
4J%(q + 1)’ 
9 ‘PO +P* 
Observe that V,,(x) = l/p for x& fi and, indeed, 
l/p < 5oP(x) <A4 in IF?“. 
Thus (i) follows immediately from the properties of the kernel k,. 
It is easily verified that he sequences {voP} and {FOP} have the following 
properties: 
$ G fio#) - uo(x) < $2 
fio,(x> - flop+ I(X) 2 2p(p1+ 1) ,
and 
64.8) 
I fiopo,(Y> - fiop(x>l GI Uo(Y) - uo(x>l . (A-9) 
Note that each of these inequalities holdthroughout IR”for all p > 1. 
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To prove (ii) we shall need the estimate 
in dfor allp > 1. (A. 10) 
In view of (A.9) 
< I ,v_x,<G(p) b@,,(Y -x)lb(X) - b(Y)1 dY. 
Let Qx,y) = {z E W: z = 0x + (1 - B)y, 8 E [0, l]} and write B,,,(x) = 
S, U S, U S,, where 
and 
s3 = ( y E &&): Y E a, a-% Y>=f2 I. 
Since v0 E C’(D) it follows from the Theorem of the Mean that 
j ~8(,,(X -Y> Ih(Y) -dxl dY < L l I Y- Xl bJ,(x -Y) dY 
S3 S3 
Q LO) J &JJ,,(x -Y> dY* 
S3 
For y E S,, r,+,(y) = 0 so that 
I bp,(x -Y) IGY) - u,(x>l dy = I dx)l j bp,(x -Y) dv. 
Sl Sl 
Note that in this case %2 must intersect the closed segment [(x, y) at least 
once. Thus d(x) Q Ix -y 1 < 6(p) ( a/4 and, by’ Lemma 1, there exists a 
unique z(x) E &2 such that d(x) = 1 x - z(x)1 . By the Theorem of the Mean 
applied on the line segment joining x and z(x) 
and hence 
I G-)I Q Ld(x) < L&P), 
( kc& -Y) I uo(y) -dx>l dy < L&P) 1bp,(x -Y> dy. 
Sl SI 
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Finally, if yE S, then again ~22 must intersect the segment <(x,v) atleast 
once for 8 E (0, I]. In this case, d(x) +d(y) < ]x - y ] < 6(p) and by an 
argument similar to the one used for yE S, 
Adding the three estimates w  obtain 
l-(x) < L&P) = L 
1 
4Lq(q + 1>= 4q(q + 1)’ 
Write 
uop -u opt 1= uop -~OP++O,,--O,,,+v,,.,-uO,,,. 
Then, by (A.8) and (A.lO) 
1 1 1 
uop - vop+ / >- + - 1
%?(q+ 1) m-3+ 1) %+ l)(q+2) 
20 
so that he sequence {uop} is decreasing. Moreover, in view of (A.7) and 
(A. 1% 
I hop - ~,@>I Q VOPM -v,,(xI + I ~opc4 - uo(x)l 
1 1 
< 
w+ 1) +7 
Therefore (ii) holds. 
Let 
P(p) = 2q+ l 
4Ldq +1)’ q=po+p* 
Note that, inview of the definition of po,
B(P) <&< 2L(p1 + 1) cf. 
0 
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If xE Q,@, and y E B,@,(x) n R then 
d(y)=min{[y-zj:rEaR}<S(p)+d(x)<&. 
By the Theorem of the Mean, for yE B,@,(x) n l2 
so that 
But since F0P(y) = I/p for all y& 0, it follows that V,,,(y) = l/p throughout 
B,@,(x) whenever x EQocp,. Thus x E Q,@, implies 
%I,(4 = VP 
and, clearly, 
Au,,(x) = 0. 
Let e denote an arbitrary unit vector inR” and let hE R + be such that 
h < u. Consider 
uop(x + he) - uop(x) = 
I b& -YHQ~Y + he) - G,(Y)~ dy. 4-a 
BY 64.9) 
I G& + he) - b,(x>l 
< l b& -v) Idy + he) - b(y)l dy. Ix-Yl<wJ) 
Let [= {z E R”: z=y + @he, BE [0, 1]}, and write B,@,(x) = Uj=, Sj, 
where 
s,= {YEB,@,(x):rcQl, 
S,= (yEB,~,,(x):yEa,y+heER,r~a}, 
S,={yEB,@,(x):yED,y+he~a}, 
S,= {yEB,~,,(x):y~a,y+heEa}, 
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and 
S,={yEB,~,,(x):y~Qn,y+he6?i12}. 
For YES,, DE Iv,(y+he)-v,(y)1 =O. For yE S, we can apply the 
Theorem of the Mean on the segment [to obtain D < Lh. If y E S, then ~22 
intersects the egment [for some 0 E (0, 1] so that d(y) < h < u. Therefore, 
by the Theorem of the Mean, D = / v,(y)l < Ld(y) < Lh. A similar gument 
yields the same estimate for y E S,. Finally, ify E S, then again X2 
intersects the egment [between y and y + he so that d(y) + d(y + he) < h. 
By the Theorem of the Mean, we obtain the estimate 
D < I do + he)1 + Idv)l< Ld(y +he) +Ld(y) < Lh. 
Therefore 
I uo,,(x t he) - v,,,(x)[ < LA
and it follows that 
I e . Vh,(xI < L
in R”. By choosing e to be the various unit coordinate vectors inR” we 
obtain (iv). 
Proof of the Corollary. Inthis case take 
L~max{lm~xIVu,l,m~xlVv~)} 
and define the sequences {v,,,} and {v&} as was done in the proof of Lemma 
A, using the same kernel k, for both sequences. Then each sequence has all 
of the properties li ted inLemma A and, as is easily verified, uoP> v&. 
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